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The minimum achievable rate for relative entropy coding / channel simulation is /(X — Y).

Problem Setup

Stochastic codes

For X, Y ~ Pxy, a stochastic code is the triplet (Z, enc, dec):
e / — common randomness, Z/ 1 X
e cnc: X xZ —{0,1} - encoder
o dec:{0,1} x Z = Y - decoder

satisfying the identity:

dec(enc(z, Z), Z) ~ Py|x—y, (1)

Minimum achievable rate

For XY ~ Pxy, the minimum achievable rate is:

R' = inf Efjenc(X,Z)[]
(Z ,enc,dec) (2)

s.t. dec(enc(z,Z),Z)) ~ Pyix—

Characterising the minimum achievable rate

Theorem (Li, 2025):

I(X;Y) <R <IX;Y)+log(I(X;Y)+ 1)+ 3.74

Question: Can we do better?

Background

Rejection Sampling

For n < v, set r =du/dv. For Yy ~ v and U ~ Unif(0, 1):

K:min{kEN Ui < ﬁ?”/k)} (7)
Then, Yi ~ p.
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Width function and functional information

For X.Y ~ Pxy, the width function is:

wy(¢) = Px.p, {djgyx(y | X) > 4 (8)

Note: w, is a PDF. Then, the functional information is:

[e(X = Y) = Ey.p|hlwy]] (9)

Optimal Compression with the Ring Toss Code

Ring Toss Code

dPX’y

Let X, Y ~ Pxy. Assume TP hy || < M < 00. Then, set

Z = A{(Yy, Ur}2, where Y, ~ Py. Next, set

| 1 dP
K(z,Z) = min {k eN | Ui < i d;}'/X(Yk | x)} (3)

Finally, encode K using Huffman code based on

Quizk | 2) = wy (Mug) [[(1 - wy(Mu)).  (8)

1=1

Codelength of RTC
Let X,Y ~ Pxy and K be the ring toss code for X — Y":

HK|Z <Ig(X =2 Y)+loge (5)

Corollary in conjunction with Flamich et al. (2025):

Singular Channel

For XY ~ Pxy, then X — Y singular, if there exists g(y):
dpy|X
d Py

(y | z) =g9g(y) Pxy-as.
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