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Channel Simulation: General setup

Definition and goal
® Dependent X, Y ~ Pxy
® |ndependent common randomness: Z ~ Pz, with X | Z

® Want to encode one sample Y ~ Py|x with finitely many bits:
® Encoder: f(-,z): X — {0,1}* prefix code
® Decoder: g(-,z):{0,1}* - Y

ZNPZ — g(f(X,Z),Z)NPy‘X:X
Rate: R = E [|fz(X)]]

Want to characterise: R* = inf, ¢ R
Applications
® Y =X +¢ where e ~ N(0,1): data compression with diffusion

® Y = X + ¢, where ¢ ~ £(0,1): differential privacy



Channel Simulation: Facts

One-shot
Li and ElI Gamal [2018]:

I[X: Y] <R <IX:Y]+log([[X:Y]+1)+5

Asymptotic

For Px,y, channel Py x singular if dPx|y/dPx o< 1, otherwise
non-singular.

Sriramu and Wagner [2024]: Let X", Y" ~ P, normalised rate
R = R*/n. Then:

Ry ~1[X : Y] : Py|x singular

Ri STX: Y]+ Jleen Py x non-singular




Our results

One-shot

Channel simulation divergence [Goc and Flamich, 2024]: D¢s[Q||P]. For
Polish X, Y ~ Px y

H[X . Y] S EYNPY [Dcs[P)quPx]] S R*

Asymptotic
For non-singular Py x:

llogn

IX: Y]+ 5=~ SRy

thus

R ~T[X : Y] : Py|x singular
Ry ~TI[X:Y]+3 |° ? 1 Py|x non-singular



Part |I: width function

Probability measures Q@ < P. Width function:
dQ
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wp is a PDF! Let H be a RV with PDF wp. Then:
Des[QP) = HH] =~ [ we(h)log wa(h) di
0



Part I: Result & Proof Sketch

For Polish X, Y ~ Pxy, Z~ Pz, Z 1 X:
Ey~p, [Des[Pxv[IPx]] < R*.
Proof when Y discrete (Prop. 1 of Li and EI Gamal [2018]):
RO~HIY | 2] = —Eyzop,,llogp(Y | 2)]

= =Y Ezwp,Ip(y | 2)logp(y | Z)]]
yey

> Ey~p, [Dcs[Pxv | Px]]



Part I: Fixing the troublesome step

Let ¢(z) = Py, and set P = ¢t Pz (Palm kernel)
H[Y | Z] = —Ez.p, [Eywpy,z [log p(Y | Z)]
= —/ / log 7(y) dm(y) dP(r)
By .3’
- / / log 7(y) dP, () dPy (y)
Y IBy
P, — local Palm kernel

suppPy = {m € Py | y € supp7}

Adapt stochastic dominance argument for /%} log 7(y) dPy (7).



Part 1l: Asymptotic result & Proof sketch

Px,y with Py x non-singular. Then, for any sequence Z, of common

randomness:
x n.yn
i PR IX7 Y]
n—00 |og n 2
Proof idea:
* From part I: nR; > Ey.p, [Dcs[Px)v | Px]]
® Show
. Ey~py, [Dcs[Pxjy||Px]] —1[X": Y™ 1
n—o0 log n 2
® QObserve

PZ"] —I[X": Y"] = Eyn [h[log Hyn]] + log e

Eyn[Dcs[Pxnjyn



Part Il: Proof sketch: CLT

Prove a CLT for log Hyn:
@ When Py|x non-singular: Var[log Hys] = ©(n):

Iogn 1
h[log Hyn] = S+ h [ﬁ(log Hyn — E [log Hyn]):|
® For large n
dPXn|yn n dPX‘Y
log Hyn = | X" Y" = I Xi |Y
og Hyn ~ log — 5~ (X" 1Y") %% =, (X | Yi)

k=1

©® Show Lindeberg-Feller condition for log dX‘Y(Xk | Yk), hence

7(|og Hyn — E [log Hyn]) — N(0,0?)



Our results

One-shot

Channel simulation divergence [Goc and Flamich, 2024]: D¢s[Q||P]. For
Polish X, Y ~ Pxy

]I[X . Y] S EYNPY [DCS[PX|Y||PX]] S R*.
Asymptotic
For non-singular Py x:

llogn

Ry 20X : Y]+ 3

thus

{R;: ~T[X : Y] : Py|x singular

R¥ ~T[X: Y]+ %k’%" : Py|x non-singular



Part Il1l: Operational proof of the asymptotic result

Let (f,g,Z) be a valid scheme simulating the channel with rate R
nR > H[f(X", Z)|Z]
> I[X": (X", Z2)|Z]
> I[X": Y"|Z]

dPX"|Y",Z:|



Part Il1l: Operational proof of the asymptotic result

Let (f,g,Z) be a valid scheme simulating the channel with rate R
nR > H[f(X", Z)|Z]
> I[X": (X", Z2)|Z]
> I[X": Y"|Z]

dPXn|Yan|

=k ['°g dPxn



Deterministic mapping induced by the CR

xn yr



Deterministic mapping induced by the CR

xn yr



Simplified density ratio

nR> H[f(X", Z) | Z]

>1[X": £(X",2) | Z]

n n M(Xn| n Z) o 1 [Xn & A(ynaz)]
DR dPxr ) = TR Ay, 2))
_ dPX"|Y",Z
=" {'°g Txn}

Ay}, 2) —f—————s ]
4— -.nR > —Eyn 7 [log Pxn(A(Y", Z))]
— ]

Alyp,z) — yp




Simplified density ratio

nR> H[f(X", Z) | Z]

> I[X": f(X",2) | Z]

o C/Px"lvn,z(x,,| n =t [x" € Aly", 2)]
>IX":Y"| Z] dPXn Yy, - PXn(A(yn,Z))
_ dPX"|Y",Z
== los =50
At — / -.nR > —Eyn 7 [log Px»(A(Y", Z))]
Alwi2) = . Coincidence probability
\
Ay, z) — Ui




Bounding the coincidence probability

Replace A(y", z) with a more structured set



Likelihood balls

We define likelihood balls with radius « as

n dP
Ba:{X”EX”' ZI X| X,|y,-)2a}

dPXn Yn
Ly
dPxn

x, maximizes



Mean likelihood

X"

Z lo

n
Yk

yn

X'Y X\y,-)‘X” €S

Choose the radius 2,0 , s.t.
LLR(B,,,.(y")) = LLR(A(y", 2))
Then,
Pxo(Buyn . (y")) 2 Px(A(y", 2))

Note that

Zynyz ~ LLR’(BZy",Z (yn))



Completing the proof

nR 2 —}Eymz [lOg PX"(A( Yna Z))]
> —Eyn 7 [Iog PX"(BW" z)]

"dP
= —Eynz [IogPXn ( ZI X‘Y (Xi| ;) > ZYH,Z>]




Warmup: Coarse large deviations result

Theorem[Dembo and Zeitouni, 2011]. Given independent random
n

variables 21,2, -+ ,Z, and v > % > E[Z], for sufficiently large n,
i=1

P (1 S zi> 7) < exp(—nA;(7));

i=1

N (7v): Large deviations rate function



Warmup: First order result

In our setting,

1 n dPXY *
Pxn (n ; log dPJ( (Xlyi) > Zy’ﬂz) < exp(—nN; (1 2)),

where
N (ayn 2) = ayn
~ LLR(BM’Z ™)
~ LLR(A(y", 2)).
Then,

n dP
nR > —Eynz [|Og Pxn ( Zl X‘Y X |Y/) > ZY”,Z>]

> —Eyn 7 [logexp (—nLLR(A(YT z )))]
=I(X;Y)



Refined large deviations result

Theorem[e.g. Altug and Wagner [2021]]. Given independent random
n

variables 21,2, -+ ,Z, and v > % ST E[Z],
i=1

( Zz > 7) )]
Z Var(Z;)

i=1

Ni(7): Large deviations rate function,

Zi: Exponentially tilted version of Z



Refined large deviations result

In our setting,

< ZI x|Y le;)>zynz> (- )eXp( AN (10 ) |
| \/Z Varg, log XmY(XI ,))

Pg ~ Px)y(:ly)

For non-singular channels, Var (Iog dX‘Y|Y)

Hence, EVarX (Iog dX‘Y(X,-\y,-)> = 0(n)
i=1



Refined large deviations result

In our setting,

( .Z' P xwy,-)>2yn,z) < lonlonblyd)

Pg =~ Px)y(-lyx)

Px|y

For non-singular channels, Var (Iog P \Y) >0

Hence, ZVarX (Iog dX‘Y(X,-\y,-)> = O(n)
i=1



Contributions

One-shot
For Polish X, Y ~ Px.y
I[X:Y]<Ey.p, [DCS[PX|Y||PX]] < R*.

Asymptotic
For non-singular Py |x:

1llogn

I[[X:Y]+§

S Ra

thus

{R,",‘ ~I[X:Y] : Py|x singular

R: ~T[X: Y]+ %loin : Py|x non-singular
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