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Channel Simulation: General setup

Definition and goal

• Dependent X ,Y ∼ PX ,Y

• Independent common randomness: Z ∼ PZ , with X ⊥ Z

• Want to encode one sample Y ∼ PY |X with finitely many bits:
• Encoder: f (·, z) : X → {0, 1}∗ prefix code
• Decoder: g(·, z) : {0, 1}∗ → Y

Z ∼ PZ → g(f (x ,Z ),Z ) ∼ PY |X=x

• Rate: R = E [|fZ (X )|]
• Want to characterise: R∗ = infg ,f R

Applications

• Y = X + ϵ, where ϵ ∼ N (0, 1): data compression with diffusion

• Y = X + ϵ, where ϵ ∼ L(0, 1): differential privacy



Channel Simulation: Facts

One-shot

Li and El Gamal [2018]:

I[X : Y ] ≤ R∗ ≤ I[X : Y ] + log(I[X : Y ] + 1) + 5

Asymptotic

For PX ,Y , channel PY |X singular if dPX |Y /dPX ∝ 1, otherwise
non-singular.

Sriramu and Wagner [2024]: Let X n,Y n ∼ P×n
X ,Y , normalised rate

R∗
n = R∗/n. Then:

R∗
n ∼ I[X : Y ] : PY |X singular

R∗
n ≲ I[X : Y ] + 1

2
log n
n : PY |X non-singular



Our results

One-shot

Channel simulation divergence [Goc and Flamich, 2024]: DCS [Q∥P]. For
Polish X ,Y ∼ PX ,Y

I[X : Y ] ≤ EY∼PY

[
DCS [PX |Y ∥PX ]

]
≤ R∗.

Asymptotic

For non-singular PY |X :

I[X : Y ] +
1

2

log n

n
≲ R∗

n

thus {
R∗
n ∼ I[X : Y ] : PY |X singular

R∗
n ∼ I[X : Y ] + 1

2
log n
n : PY |X non-singular



Part I: width function

Probability measures Q ≪ P. Width function:

wP(h) = PZ∼P

[
dQ

dP
(Z ) ≥ h

]
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wP is a PDF! Let H be a RV with PDF wP . Then:

DCS [Q∥P] = h[H] = −
∫ ∞

0
wP(h) logwP(h) dh



Part I: Result & Proof Sketch

For Polish X ,Y ∼ PX ,Y , Z ∼ PZ , Z ⊥ X :

EY∼PY

[
DCS [PX |Y ∥PX ]

]
≤ R∗.

Proof when Y discrete (Prop. 1 of Li and El Gamal [2018]):

R∗ ≈ H[Y | Z ] = −EY ,Z∼PY ,Z
[log p(Y | Z )]

= −
∑
y∈Y

EZ∼PZ
[p(y | Z ) log p(y | Z )]]

≥ EY∼PY

[
DCS [PX |Y ∥PX ]

]



Part I: Fixing the troublesome step

Let ϕ(z) = PY |z and set P = ϕ ♯PZ (Palm kernel)

H[Y | Z ] = −EZ∼PZ

[
EY∼PY |Z [log p(Y | Z )]

]
= −

∫
PY

∫
Y
log π(y) dπ(y) dP(π)

= −
∫
Y

∫
PY

log π(y) dPy (π) dPY (y)

Py – local Palm kernel

suppPy = {π ∈ PY | y ∈ suppπ}

Adapt stochastic dominance argument for
∫
PY

log π(y) dPy (π).



Part II: Asymptotic result & Proof sketch

PX ,Y with PY |X non-singular. Then, for any sequence Zn of common
randomness:

lim
n→∞

nR∗
n − I[X n : Y n]

log n
≥ 1

2

Proof idea:

• From part I: nR∗
n ≥ EY∼PY

[
DCS [PX |Y ∥PX ]

]
• Show

lim
n→∞

EY∼PY

[
DCS [PX |Y ∥PX ]

]
− I[X n : Y n]

log n
=

1

2

• Observe

EY n [DCS [PX n|Y n∥P×n
X ]]− I[X n : Y n] = EY n [h[logHY n ]] + log e



Part II: Proof sketch: CLT

Prove a CLT for logHY n :

1 When PY |X non-singular: Var[logHY n ] = Θ(n):

h[logHY n ] =
log n

2
+ h

[
1√
n
(logHY n − E [logHY n ])

]

2 For large n

logHY n ≈ log
dPX n|Y n

dPX n
(X n | Y n) =

n∑
k=1

log
dPX |Y

dPX
(Xk | Yk)

3 Show Lindeberg-Feller condition for log
dPX |Y
dPX

(Xk | Yk), hence

1√
n
(logHY n − E [logHY n ]) → N (0, σ2)



Our results

One-shot
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1

2

log n

n
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Part III: Operational proof of the asymptotic result

Let (f , g ,Z ) be a valid scheme simulating the channel with rate R

nR ≥ H[f (X n,Z )|Z ]

≥ I[X n : f (X n,Z )|Z ]

≥ I[X n : Y n|Z ]

= E
[
log

dPX n|Y n,Z

dPX n

]



Part III: Operational proof of the asymptotic result

Let (f , g ,Z ) be a valid scheme simulating the channel with rate R

nR ≥ H[f (X n,Z )|Z ]

≥ I[X n : f (X n,Z )|Z ]

≥ I[X n : Y n|Z ]

= E
[
log

dPX n|Y n,Z

dPX n

]



Deterministic mapping induced by the CR

g(f (·, z), z) : X n 7→ Yn



Deterministic mapping induced by the CR

A(yn, z) = {xn ∈ X n : g(f (xn, z), z) = yn}



Simplified density ratio

nR≥ H[f (X n,Z) | Z ]

≥ I[X n : f (X n,Z) | Z ]

≥ I[X n : Y n | Z ]

= E
[
log

dPXn|Y n,Z

dPXn

]
dPX n|Y n,Z

dPX n
(xn|yn, z) = 1 [xn ∈ A(yn, z)]

PX n(A(yn, z))

∴ nR ≥ −EY n,Z [logPX n(A(Y n,Z ))]



Simplified density ratio

nR≥ H[f (X n,Z) | Z ]

≥ I[X n : f (X n,Z) | Z ]

≥ I[X n : Y n | Z ]

= E
[
log

dPXn|Y n,Z

dPXn

]
dPX n|Y n,Z

dPX n
(xn|yn, z) = 1 [xn ∈ A(yn, z)]

PX n(A(yn, z))

∴ nR ≥ −EY n,Z [logPX n(A(Y n,Z ))]

Coincidence probability



Bounding the coincidence probability

Replace A(yn, z) with a more structured set



Likelihood balls

We define likelihood balls with radius α as

Bα =

{
xn ∈ X n :

1

n

n∑
i=1

log
dPX |Y

dPX
(xi |yi ) ≥ α

}

xn∗ maximizes
dPX n|Y n

dPX n
(·|yn)



Mean likelihood

LLR (S) = E

[
1

n

n∑
i=1

log
dPX |Y

dPX
(Xi |yi )

∣∣∣X n ∈ S

]

Choose the radius ıyn,z s.t.

LLR(Bıyn,z (y
n)) ≈ LLR(A(yn, z))

Then,

PX n(Bıyn,z (y
n)) ≥ PX n(A(yn, z))

Note that

ıyn,z ≈ LLR(Bıyn,z (y
n))



Completing the proof

nR ≥ −EY n,Z [logPX n(A(Y n,Z ))]

≥ −EY n,Z

[
logPX n(BıYn,Z

)
]

= −EY n,Z

[
logPX n

(
1

n

n∑
i=1

log
dPX |Y

dPX
(Xi |Yi ) ≥ ıY n,Z

)]



Warmup: Coarse large deviations result

Theorem[Dembo and Zeitouni, 2011]. Given independent random

variables Z1,Z2, · · · ,Zn and γ > 1
n

n∑
i=1

E[Zi ], for sufficiently large n,

P

(
1

n

n∑
i=1

Zi > γ

)
≤ exp(−nΛ∗

n(γ)),

Λ∗
n(γ): Large deviations rate function



Warmup: First order result

In our setting,

PX n

(
1

n

n∑
i=1

log
dPX |Y

dPX
(X |yi ) > ıyn,z

)
≤ exp(−nΛ∗

n(ıyn,z)),

where

Λ∗
n(ıyn,z) ≈ ıyn,z

≈ LLR(Bıyn,z (y
n))

≈ LLR(A(yn, z)).

Then,

nR ≥ −EY n,Z

[
logPX n

(
1

n

n∑
i=1

log
dPX |Y

dPX
(Xi |Yi ) ≥ ıY n,Z

)]
≥ −EY n,Z [log exp (−nLLR(A(Y n,Z )))]

= I (X ;Y )



Refined large deviations result

Theorem[e.g. Altuğ and Wagner [2021]]. Given independent random

variables Z1,Z2, · · · ,Zn and γ > 1
n

n∑
i=1

E[Zi ],

P

(
1

n

n∑
i=1

Zi > γ

)
≤ (· · · )√

n∑
i=1

Var(Z̃i )

exp(−nΛ∗
n(γ)),

Λ∗
n(γ): Large deviations rate function,

Z̃k : Exponentially tilted version of Zk



Refined large deviations result

In our setting,

PX n

(
1

n

n∑
i=1

log
dPX |Y

dPX
(X |yi ) > ıyn,z

)
≤ (· · · ) exp(−nΛ∗

n(ıyn,z))√
n∑

i=1
VarX̃i

(
log

dPX |Y
dPX

(X̃i |yi )
) ,

PX̃ ≈ PX |Y (·|yk)

For non-singular channels, Var
(
log

dPX |Y
dPX

|Y
)
> 0

Hence,
n∑

i=1
VarX̃i

(
log

dPX |Y
dPX

(X̃i |yi )
)
= Θ(n)



Refined large deviations result

In our setting,

PX n

(
1

n

n∑
i=1

log
dPX |Y

dPX
(X |yi ) > ıyn,z

)
≤ (· · · ) exp(−nΛ∗

n(ıyn,z))√
n

,

PX̃ ≈ PX |Y (·|yk)

For non-singular channels, Var
(
log

dPX |Y
dPX

|Y
)
> 0

Hence,
n∑

i=1
VarX̃i

(
log

dPX |Y
dPX

(X̃i |yi )
)
= Θ(n)



Contributions

One-shot

For Polish X ,Y ∼ PX ,Y

I[X : Y ] ≤ EY∼PY

[
DCS [PX |Y ∥PX ]

]
≤ R∗.

Asymptotic

For non-singular PY |X :

I[X : Y ] +
1

2

log n

n
≲ R∗

n

thus {
R∗
n ∼ I[X : Y ] : PY |X singular

R∗
n ∼ I[X : Y ] + 1

2
log n
n : PY |X non-singular
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